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Recap of Lecture 6

e Reducing a grammar: removing e-productions, unit
productions, useless symbols

e Chomsky Normal Form of a context-free grammar

e Pumping lemma for context-free languages, application:
proving non-context-freeness



2.8 The CYK algorithm



Testing membership in a context-free language

Given a context-free grammar G in Chomsky Normal Form and a
word w = aj ...ap, € T*, determine if w € L(G).

Naive, inefficient algorithm:

Construct all parse trees from G of appropriate depth ([logz|w|]),
check if the yield is w.

The Cocke-Younger-Kasami algorithm:

Use dynamic programming to compute, for every 1 <j < j < n,
the set Xj; of all variables of G that generate the subword a; ... aj.

Then check if S € Xi,.

(Very efficient, worst-case time complexity O(n®|G|).)



The CYK algorithm

e input: G =(V,T,P,S)inChNF, w=2;...a,€ T*
e decide: w € L(G)?

Compute for 1 </ < j < n: X1s

X Xos

X,'j = {A eV | A= a;jaj41 - .- aj} X1z Xoa  Xs3s

X2 Xoz Xzs  Xas
using dynamic programming Xi1 Xop Xaz Xea X
(storing results in a table) a1 a a3 as  as

1. Initialize: X;; ={Ae€ V|A— a; € P}
2. Fill upwards:

XU:{AEV‘A%BCEP,BEX,’/(,CEX;(_HJ}
3. Check: Is S € X1,7



The CYK algorithm: an example

Example
G=({S,A B,C} {a, b}, P,S) with
P={S—AB|BC,A— BA|a,B— CC|b,C— AB| a}

Rules reversed:

AB «+ {S5,C} BC «+ {S} b+ {B}
BA + {A} CC + {B} a+ {A C}

Fill upwards:

{’A7C}

- {S,A C}

- {B} {B}

{5, A} {B} {5.C} {S,A}

{B} {Ac {AcG {Bf {AC
b a a b a




Testing emptiness of a context-free language

Generating?

Al ? T T

B | yes

Is the start symbol S generating? Can be done in O(|G|) time.
e For each variable a chain of all body positions where it appears
e For each production two-way link to a count of body positions
with variables that have not yet been marked as generating
Once we mark a variable as generating, follow the chain and
decrease counts by 1. If a count reaches 0, mark the head as

generating. Process all generating variables using a stack. 6



Testing finiteness of a context-free language

Let G be a Chomsky normal form grammar for L, i.e.
L\ {e} = L(G). Construct the following oriented graph:

e nodes: variables in G
e edges: {(A,B),(A,C) | A— BC is a production rule in G}

Now L is infinite, if and only if the graph contains an oriented
cycle. Can be tested in O(|G]).



2.9 Pushdown automata



Pushdown automaton (PDA)

Finite
Input —=| State —=  Accept/reject
p control puTe]

A
Y

Stack

e an extension of e~NFA, additional feature: a stack memory

e the stack has its own stack alphabet ' (can contain X or not)

e at each step we pop the top stack symbol X, make a decision
based on (g, a, X), push some word v € ~*

e the stack can rememeber an infinite amount of information

e PDA define context-free languages, nondeterminism is
important: deterministic PDA only recognize a proper subset
of context-free languages (unlike DFA vs. NFA)



The definition

A pushdown automaton (PDA): P = (Q, X%, T, 4, qo, Zo, F), where

e @ is finite, nonempty set of states
e Y is a finite, nonempty input alphabet

I" is a finite, nonempty stack alphabet

6 is the transition function,
0: Q@ x (ZU{G}) x I —>'PF/N(Q X I'*)

5(qg,a,X) > (p,7) where p is the new state and ~ a finite
string of stack symbols that replace X on top of the stack

e qo € Q is the initial state

Zy €T is the initial stack symbol (bottom of the stack); the

only symbol on the stack at the beginning

F is a set of accepting (final) states; may be undefined if our

PDA accepts by empty stack



One transition of a PDA

e read one input letter (a € X) or do an e-transition (a = ¢€)
e pop X from the top of the stack

e based on a, X, and the current state g nondeterministically
choose one of finitely many options (p,v) € (g, a, X)

e switch to the new state p

e push the finite string «y to the stack (the first symbol of I is
now on top)

e pop: 7 =g¢, read only: v = X, push: v =+'X

10



Example: L, = {ww® | w € {0,1}*}

0,Zo—>OZO
1,Zo—>120
0,0 — 00
0,1 —01
1,0 — 10 0,0 — ¢
1,1 - 11 1.1 — €
H@ €,20 = Zo @6720%20 @
e,0—0
e,1—1

qo read input letters pushing them onto the stack; guess the

middle (nondeterministically), jump to ¢1

g1 compare input with stack, consuming both; if empty stack (we

see the bottom), accept by jumping to g2; no input can remain 11



Example cont’d: full description of the PDA

= ({qu ai, CI2}, {07 1}7 {07 17 ZO}? 67 qo, 207 {Q2})

(90,0, Z0) = {(g0,02)}
(g0, 1, Z0) = {(qo, 1 20)}
6(qo, 0,0) = {(qo0,00)}

push input onto stack, leave the bottom

(q0,0,1) = {(qo0,01)} . .
stay in gp, push input onto stack
5(q0.1,0) = {(qo,20)} T " 9o PuShInP
o q0, 17 1) - {(q07 11)}
)

9(qo,€,0) = {(q1,0)} jump to g1 without changing stack
q0,6,1) = {(q1,1)}
q1,0,0) = {(q1,€)}
(g1, 1,1) = {(a1,€)}

6(q1. 6, Z0) = {(q2, Z0)}  we have ww®, go to accepting state

(o9

[«

pop stack and match with input

(
(
(
(
(
(
(90, €, Z0) = {(q1, Z0)}
(
(
(
(
(

12



a, b, c symbols of the input alphabet
q,p,r states

u,w,x,y,z words over input alphabet
X,Y,A B stack symbols

VA bottom of the stack symbol
a, B, words over stack alphabet

Transition diagram:

e nodes are states, initial and final denoted as usual

e a transition d(q, a, X) 3 (p, a): arc from p to q labelled
a, X —«

13



The languages of a PDA



Configurations and moves (computation graph)

A configuration of a PDA is a triple (g, w,~), where

g is the current state
w is the remaining input and

« is the stack contents (the top is on the left)

We define moves between configurations (I-p or i) thus: for any
transition 6(q, a, X) > (p, ) and all w € £* and 5 € [* we have

(g,aw,XB) F (p,w, af)
We use the symbol -}, or =" to represent zero or more moves, i.e.

e | F* | for any configuration /
e [ " Jif there exists K such that /- K and K +* J
14



Initial and accepting configurations, the languages of a PDA

The initial configuration of P = (Q, X, T, 4, qo, Zo, F) for input
word w € X* is (qo. w, Zp). Which configurations are accepting?

Two options:

1. Acceptance by final state: (f,¢.~) for some final state f € F
and arbitrary stack contents v € ['*

L(P)={w | (q0,w, Zo) Fp (f,€,v) for some f € F and v € "}

2. Acceptance by empty stack: (q. ¢, ¢) for an arbitrary g € Q
N(P) ={w | (q0,w, Z0) Fp (g, €,€) for any g € Q}

In this case we can write only P = (Q, %, T, 4, qo, Zo)

ii5)



Configurations for the input w = 1111

(q07 11117 ZO)

— .
qo,lll,lZo) (ql,llll,ZO)
~ ~. J
qull,]-]-ZO) (qlalllﬁlzo) (q2,111120)
N J
(go,1,11127p) (q1,11,117)  (n,11, Z)
RN | J
(q0,6,1111%)  (q1,1,111%)  (q1,1,1%)  (q2,11, %)

! ! J

(q17€7111120) (qla€>1lzo) (q17€7ZO)
l
(92, €, Z0)
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Our example

0.,20%020

1,Zo*>].ZQ

0,0 — 00

0,101

1,0 —10 0,0 =€

1,111 1,1e

H@ 6,20%20 (7%6,20—)20 @
€,0—0
€1—1

e acceptance by final state: L(P) = Luwr

e to accept by empty stack: modify 6(q1,¢€, Z0) = {(q2, Zo)} to
3(q1,¢,20) = {(qo,€)} (erase bottom of the stack symbol),
then also N(P’) = Ly, 17



Another example: if-else

Stop (accept) at first error, e.g. more else's than if's
By empty stack: Py = ({q},{if,else}, {Z},0n,q,2)

if,7 - 77
else,Z — ¢ n(q,if,Z2) = {(q,22)} (push)

b
H@) on(q, else, Z) = {(q,€)} (pop)

By final state: Pr = ({p,q,r},{if,else}, {Z, Xo},dF, p, Xo,{r})

| (o€, X0) = (9. 2)) (start)

el 5e(q.1£,2) = {(9. 22)} (push)

€, XOAZXOA e Xo = ¢ dr(q,else, Z) ={(q,€)} (pop)

—(p ) Oirtae = () (oo

18



From empty stack to final state

Lemma
IfL= N(PN) for some PDA Py = (Q,Z, I, 0N, 9o, Zo), then
there is a PDA Pg such that L = L(PF).

€,Xo— €

PN Q/

€,Xg— €

Idea: Make Z; a fake bottom (insert a new bottom Xy below), so
that we can tell when Py's stack was empty. Add e-transitions

upon seeing Xy from all states to a new, accepting state.
19



The proof

Pr = (QU {po,pr},X,T U{Xo},F, po, X0, {PF}), where oF is

° 5F(p0,6,X0) = {(qo,ZOXO)} (start).
e V(ge Q,acxU{e},YeT) de(q,a,Y)=0dn(g,a,Y).
e In addition, d¢(q, €, Xo) 2 (pr, €) for every g € Q.

We must show that w € N(Py) iff w € L(PF).

e (If) Pr accepts as follows:
(Po, w, Xo0) Fpe (o, w, ZoX0) Fp,—n, (a:€,X0) Fpe (PF, € €).
e (Only if) No other way to go to pg than the above. O

20



From final state to empty stack

Lemma
If L = L(Pg) for some PDA Pr = (Q,%,T,8F, qo, Zo, F), then
there exists a PDA Py such that L = N(Py).

(=222 (=) (O
w — €
Pr >
¢, any — €

€, any — €

Idea: Make Zj a fake bottom (insert a new bottom below),

because Pr could accidentally empty stack in a non-final state.

Add e-transitions (upon any stack symbol) from final states to a

new state, there empty the stack without reading any input 21
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The proof

Let PN — (Q U {vap}aza ru {XO}v(SvaO;XO)Y where

* n(po, €, Xo) = {(q, 20X0)} (start)

e V(ge Q,acxrU{e},YeTl)dn(g,a,Y)=0r(q,a,Y)
(simulate)

e V(ge F,Y e TU{Xo}), on(g,€,Y) > (p,e€) (i-e. accept if Pr
accepts)

o V(Y e TU{X0}),dn(p,c,Y)={(p,€)} clean the stack.

The proof w € N(Py) iff w € L(PF) is similar as before. O

22



Unseen data cannot affect computation

Lemma
If (g, x,a) Fp (p,y,B), then for any w € ¥* and v € ['* we also
have (q, xw, ay) 5 (p, yw, B7y). (In particular, v =€ or w = €.)

Proof: Induction on the number length of the sequence of
configurations that take (q, xw, ay) to (p, yw, 57). Each of the
moves (q,x,a) =5 (p, y, B) is justified without using w and/or y in
any way. The moves are still valid with w,~ on the input/stack. [

Lemma
If (g, xw, ) Fp (p,yw, ), then also (q,x,a) Fp (p,y, B).

NB: Not true for stack, the computation may require v on the
stack and then push it back. (E.g. L = {0'1/0’V/ | i,j > 0}, config.

23



Summary of Lecture 7

e Testing membership in a context-free language: the
Cocke-Younger-Kasami algorithm

e Testing emptiness and finiteness of a context-free language

e Pushdown automaton: extend an e-NFA with a stack memory
(potentially infinite), pop the top symbol, decide based on
(g,a, X), can push a finite string of stack symbols

e Acceptance by final state L(P) and by empty stack N(P),
conversion between the two options

24



